Constructal theory of flow architecture of the lungs
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Here we explain the reasons why we have a bronchial tree with 23 levels of bifurcation. Based on
Bejan's Constructal Principle we found that the best oxygen access to the alveolar tissues as well as
carbon dioxide removal is provided by a flow structure composed of ducts with 23 levels of
bifurcation (bronchial tre¢ that ends with spacgslveolar sacsfrom where oxygen diffuses into

the tissues. The model delivers the dimensions of the alveolar sac, the total length of the airways,
the total alveolar surface area, and the total resistance to oxygen transport in the respiratory tree. A
constructal law also emerges: the length defined by the ratio of the square of the airway diameter to
its length is constant for all individuals of the same species and is related to the characteristics of
the space allocated to the respiratory process and determines univocally the branching level of the
respiratory tree. ©2004 American Association of Physicists in Medicine.
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NOMENCLATURE alveolus(m)

A alveolar area (R) e  mechanical energy per unit mass (Jkp

d  diameter of the alveolugn) ¢ relative gas concentration

D diffusion coefficient (mis 1) 7 dynamic viscosity (Ns/ )

L length from the entrance of the trachea to alveolus 1  characteristic lengthEq. (20)] (m)
(m) «  chemical potential (J kg')

m  mass flow rate (kg's}) v kinematic visgg)sity (rhs)

M  molar mass (kg malt) p  density (kgm~)

N  total number of bifurcations Subscripts

g E&??:ﬁoﬁ) (kgs Y a relative to alveolus

] resistance (J s k&) air relat!ve to air .

R total resistance (J s kg) B relat!ve to the bron_chlal t_ree

R, specific gas constant (J k§K ) bn relat!ve to thenth blfurgatlon

S specific entropy (J kgt K2 cd relative to carbon dioxide

S rate of oxygen consumption (kg% cn  relative to channel of order

t time (s) diff diffusive

T  temperaturgK) i running in_dex .

u  specific internal energy (J kg) n  order of bifurcation(0 for trachea

U velocity (ms'?t) N relative to the last bifurcation

V  volume (n?) opt relative to the optimal value

6  distance from the entrance to the surface of the ox relative to oxygen

[. INTRODUCTION phenomenon. This has been shown in a number of articles by

The Constructal Principle that has been originally formulated®€jan and is summarized in a recent bdok.

by Adrian Bejan states that every system with internal flows BY using the Constructal Principle, Bejan has addressed
develops the flow architecture that maximizes the heat anthe rhythm of respiration in animals in relation with the body
mass flow access under the constraints posed to the flow. §ize and found that the breathing time increases with the
all classes of flow system@nimate, inanimate, engineejed animal body size rose to a power of 1/4, which is in good
the generation of flow architecture emerges as a universalgreement with the biological observationa. number of
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airflow dioxide diffuses after being released from the blood(liora
unique volume open to the external air, in which the oxygen
reaches the blood in the tissues, and removes the carbon

dioxide rejected from the blood, only by diffusion through
the internal air.
This second possibility is clearly noncompetitive as com-

1 pared to the first. The access time for a diffusive process
=~ o 3 J between the entrance of the trachea and the alveolar sacs at a

istanceL ~5Xx10"" m is tyxz= ~10" s, whereD~
2 & di L~5x10"tm i L2/D~10" s, whereD~2

ﬂ? (\ X 10" ° m?/s is the diffusion coefficient for oxygen in air.
Ve = The access time for duct flow is of ordetgq,
A y . —32,L%/(D2AP)~1s, whereDo~10"2 m is the trach

_\( - 7 g =327y (DAP) s, whereD, m is the trachea

JO RN diameter,7~2x 10 ° Ns/n? is air dynamic viscosity, and

j) AP~1Pa is the scale of the average pressure difference.
R — Therefore the channeling of the air from the outside to the
alveolar surface enables a better performance of the respira-

ﬁg%gg tory process.
- ‘\— However, a cavityor alveolar sacat the end of the chan-

nelling tree must exist, as the oxygenation of the blood oc-
curs by diffusion from air into the tissues. Oxygen uptake is
Fic. 1. Model of the respiratory tree with trachea, 23 bronchial bifurcationsproportiona| to the alveolar surface that, in turn, is propor-
and alveolar sacs. . . ' L .
tional to the number of bronchioles corresponding to the final
level of bifurcation, which is ¥, N being the number of

other recent studies have focused either on the characteristifdurcation levels. On the other hand, the higher the number
of the airflow and gas diffusion within the lurfg€ and the of alveolar sacs, the higher the complexity gets, as well as

form of the arterial bifurcatiorfsor statistical description of the flow resistance of the duct network. Therefore, the opti-
the respiratory tre&? mum flow structure must emerge from the minimization of
In this work we focus on the structure of the puImonarythe overall resistance, i.e., the duct resistance plus the diffu-

airflow tree. The respiratory system is basically a fluid treeSV€ resistance.

that starts at the trachea and bifurcates 23 times before reach-

ing the alveolar sack!® The reason for the existence of just

23 bifurcations in the respiratory tré€ig. 1) has remained ||| BRONCHIAL TREE RESISTANCE AND

unexplained in the literature. Has this special flow architec-aAl VEOLAR RESISTANCE

ture been developed by chance or does it represent the opti-

mum structure for the lung’s purpose, which is the oxygen- Oxygen and carbon dioxide flow within the respiratory
ation of the blood? The view that the Constructal Principle free (bronchial tree plus alveolar saasnder several driving
which has been originally developed for engineered systemi?rces- So as to evaluate and compare the flow resistances we

holds also for living systems, will guide us in finding the bestWill express the flow rates in terms of a unique potential.

isothermal and incompressible. As this flow is also adiabatic,
i.e.,As=0, conservation of total energy per unit mass that is
Il. A FLUID TREE WITH PURPOSE the sum of internal energy=—P/p+Ts+ u (WhereP is
The oxygenation of blood takes place in the tissues thapressurep is density,T is temperatures is entropy andu is
shape the surface of the alveolar sacs. High alveolar surfaahemical potentialplus kinetic energy, along the respira-
promotes better oxygenation, but requires increased accessttwry tree, implies
the external air. In fact, if the access to the external air faces Au=o LAP+A 1)
high flow resistance the rate of oxygen diffusion into the Kr=p e
blood is lowered due to the poor oxygen concentration in the Oxygen and carbon dioxide are assumed to be in equilib-
air within the alveolar sacs. rium with the air that flows within the bronchial tree, which
According to the Constructal Principle a fluid tree thatmeans that all gases in the airflow have the same chemical
performs the oxygenation of blood and removal of carborpotential and move as a whole between the entrance of the
dioxide at the lowest flow resistance should exist under thérachea and the alveolar sacs. In this way, the airflow is
constraints posed by the space allocated to the respiratodriven by the gradient of the chemical potential within the
process. This fluid tree should be able to promote the easiebtonchial tree, which in each duct is related to the pressure
access to the external air. Two possibilities exist for accomgradient by Eq(1) asAu=p *AP. Hence, by considering
plishing this purpose(l) a duct system that ends with an the bronchial tree as composed of cylindrical channels and
alveolar volume from which the oxygen diffuses to the tis-assuming Hagen—Poiseuille flow, the airflow rate is deter-
sues, where it meets the blood, and in which the carbomined by
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U, bifurcation is calculated asAe=(p/m,)(2S . U3dA
—[,U%dA), together with Eqs(2)—(4), gives the airflow
resistance in a bifurcation in the form

Mo

Mon=5——=2=32", 7
P bn 87Tp2D3 ( )
n
AP=0 wherem, represents the airflow rate in the trachea. In this
Px@a<QxP way, with the exception of the channels that connect to the
~ n ‘\."'

alveolar sacs, every other channel may be viewed as having

? & a Hagen-Poiseulle type resistance given by &j.plus a
resistance at the end due to bifurcation given by &j.
If Apn=AucntAuy, denotes the total variation of the

chemical potential in channels in td' level of bifurcation
Fic. 2. Hagen—Poiseille flow in a bifurcation. The resistance to airflow is(n:O, for the tracher from Eqs_(5) and(7) and taking into
due to the variation of the average kinetic energy per unit mass, and Prasccount that in this level there aré ®ronchial tubes. we
portional to the mass flow rate. . . !
obtain the total resistance of tin¥' level as

r'noz -2n/3
+ L
1024pvL,

1280l
M= 7
@ mPDo

®

77'pr11 A
T 128yL, Hem

m,
then the overall convective resistance of a tree with trachea

wherem,, and A i, stand for airflow rate and chemical po- (n=0) plus (N—1) bifurcation levels is given by

tential difference between the ends of a channel atnfe
bifurcation level, respectively, andis the air kinematic vis- N-1 1280l
cosity. For laminar flow the minimum flow resistance at a Rg= 2 rh=
bifurcation is achieved if the ratio between consecutive duct n=0
diameters ¥

mo( 1— 2—2N/3)
379mpvlL

(€)

wng

For a normal breathing frequency of 12 times per minute
D,/D, =271 (3) and tidal air of about 0.5dM we conclude thatiny(1
—272NRB/(379mprLy)<1, and this term that corresponds
to the sum of airflow resistances in the bifurcations may be
Ly/Lp_=2" (4)  neglected in Eq(9).

. If (don)o and ¢y denote the average relative concentra-
Equations(3) and (4) represent constructal laws that h0|d.tion of the oxygen in the air at the entrance of the trachea and

for consecutive channels at a bifurcation. They are robust n(gﬂ the bronchial tree. respectively. the averaae oxvaen current
the sense that hold for any bifurcation artgté*and express resp Y, g€ 0xyg

g . ) S towards the interior of the bronchial tree is
the empirical relation known as Murray’s law. Taking into
account Eqs(3) and(4), the resistance to laminar flow posed

and the ratio of the respective lengtls, is

th - - 1 Ay
by then™ bronchial tube is Moy=5[(Pox)o— PoxdMp= , (10
2 (ROX)B
. =AMcn=2n128vL0 5
om, WPDé ' where the subscript ox means oxygen. In Ed) the factor

_ ~ 1/2 arises because either inhaling or exhaling takes half of
whereD, andL, are the diameter and the length of the first breathing time|A ug|=|=N_3A uy| is the absolute value of

tube in the tree, i.e., the trachea, respectively. the variation of the chemical potential of the air in the tra-
Each bifurcation implies an additional resistance to airchea plus the N—1) levels of bifurcation, and R,)g
flow. In the derivation of Eq(2), it has been assumed that =2Rg /((he)0— Poy) iS the resistance to oxygen transport.
pressure has no radial variation along each channel. Such a However, no such equilibrium conditions exist between
condition implies that in a bifurcation the variation of the the components of the air within the alveolar sacs, because
chemical potential is entirely due to the variation in the ki-the chemical potential of oxygen in the alveolar tissues is
netic energy, as shown in Fig. 2. Therefore considering Edlower than that in the alveolar air, while the chemical poten-
(1) the airflow rate in a bifurcation may be described by tial of carbon dioxide in the tissue is higher than that in the
A, Aeyp, glveolar _air. Therefqre oxygen _diff_uses_ from the alveolar a}ir
Mp=—F—=-——, (6) into the tissues, while carbon dioxide diffuses in the opposite
bn bn direction. It is assumed that oxygen diffuses at theal/eo-
whereAey, is the variation of the average kinetic energy perlar sacs according to Fick’s law, consequently the total oxy-
unit mass in the bifurcation. Taking into account the velocitygen current to the alveolar sacs, which are considered to be
(U) profile of cylindrical Hagen—Poiseulle flow, the varia- in a spherical shape with diametérand total areard? (see
tion of the kinetic energy per unit mass that flows through aFig. 3), is given by

Medical Physics, Vol. 31, No. 5, May 2004



1138 Reis, Miguel, and Aydin: Constructal theory of flow architecture of the lungs 1138

d=4.85<2- (NTDR_ (15)
In consequence, Eq12) may be written as
2N/3
§ Mox= 7-7OWLO¢oxpDoxm(Aﬂox)a - (16)
O
-% In this way, the resistance of thdth level of bifurcation
; that is the sum of the convective resistance of the Iast 2
L channels, which is given by 2'r . [see Eq.5)], plus the
o) alveolar diffusive resistance given by Ed.6) [see also Eq.
° (10)] is
(Ro)n= 128vL
L PN [ (Boxlo— BoxlPDg
diffusive —2N/3
resistance +0.13R)T—m . 1
1 A g)ox T PoxpL oD oy an

Fic. 3. Model of the respiratory tree with a conductive pdmtonchioley Thefrefore’ A prox= (AMOX)B+(A.M°X)N+ (A.’uo")a Is the
and a diffusive spac@lveolar sat total difference between the chemical potential of the oxygen

in the external air and the oxygen close to the alveolar sur-
face, the total resistancBu= A uox /Moy, posed to oxygen
ZNJOD (Apodamd?singde as it moves from the external air into the alveolar surface,
- [0):¢
w

55 , (11)  which is the sum of the resistancB4)g given by Eq.(9),
with (R, N given by Eq.(17), reads as
whereD, is the oxygen diffusivity, A p,,) 5 is the difference

—2N/3
between the oxygen concentrations at the entrance of the g . 256vL,o (N+1) 0.13Ry)oxT2 ,
alveolar sac and the alveolar surface, and TD o[ (Pox)o— Poxlp LoD ox®oxp
=d+/(1—cos#)/2 (see Fig. 3 Taking into account that (18

(Apox)a= ¢oxp(AM0x)a/(Rg)oxTv where Rg)ox: R/IMgy is ) . ) )

the gas constant for oxygen awf, is the relative concen- Where the resistances in the bifurcations have been neglected
tration of oxygen in the alveolar air, and assuming that thedue to the fact that its value is very small as compared to
chemical potential of oxygen does not vary over the alveolaghannel resistances. The total resistance is composed of a

surface, integration of the rhs of E(L1) yields convective resistance and a diffusive resistance represented
by the first and the second terms of the rhs of ELB),
. _ NZdeﬁboxDox(Aﬂox)a respecuvely
Mox (12
(Rg)oxT

The diameter of the alveolar sac may be determined as the

difference between the overall lengthsof a bronchial tree v, OPTIMIZATION OF THE RESPIRATORY TREE

with infinite bifurcations, which is the limiting length defined oN THE BASIS OF THE CONSTRUCTAL
by the constructal law, Eq4), and that of the actual tree pRINCIPLE

with N bifurcation levels, i.e., _ o _
Following the Constructal Principle, the flow architec-

tures evolve in time in order to maximize the flow access
under the constraints posed to the flow. We believe that, dur-
ing millions of years of human evolution, the oxygen-access
The lengthL of a tree withN bifurcations may be de- performance of the respiratory tree was optimized naturally,
termined from Eq.(4) as the length of the trachea plus the through changes in flow architecture.
lengths of theN consecutive bronchioles is given by the sum  In Eq. (18), the convective part of the resistance increases
of N+ 1 terms of a geometric series of ratio 2° as as the number of bifurcations increases, while the diffusive
resistance decreases. The number of bifurcations is the free

N
d=L—_Z1 L. (13)

1 2-(N+1)/3

E L (14) parameter that can be optimized in order_to maximize the
= —2°13 =0 oxygen access to the alveolar surface or, in other words, to
minimize the total resistance to oxygen access.
Therefore,L=limy_..3N ,L;, namelyL=4.85L,. Equa- The average value of oxygen relative concentration within
tions(13) and(14) enable us to determine the diameter of thethe respiratory treep,,, may be evaluated from the alveolar
alveolar sac as air equation in the form((¢yy)o— Po)Q@—S=0, where
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10'° carbon dioxide removal against bifurcation level is shown in
K Fig. 4. The minimum resistance, as calculated from(E§),
corresponds tdN = 23.2.

We can say that the human respiratory tree, with its 23
bifurcations, is optimized for both oxygen access and carbon
dioxide removal. FON =23 the resistance to carbon dioxide
removal is 4.& 10° J s kg 2 and higher than the resistance
to oxygen access that is 2.800° J s kg 2.

One of the initial assumptions of this model of respiratory
10 i ‘ i i . tree was that diffusion can be neglected within the bronchial

0 10 20 30 40 50 tree where oxygen is transported in the airflow while diffu-
Level of bifurcation sion is the main way of oxygen transport in the alveolar sacs.

Fo. 4. Total resist . 4 carbon dioxide t  bet thBy using Eq.(2) and considering tidal volume of 0.5 dm
entrance of the trachea and the alveolar surface is plotied as functon of (a1 €atiing frequency of 12 times per minute and trachea di-
level of bifurcation ). The minimum resistance both to oxygen access and@meter of 0.015 m, we calculate the average velocity of the
carbon dioxide removal correspondsNe= 23. airflow, and therefore of the oxygen current, in the last bron-
chiole before the alveolar sac, which is of order 6 mm/s. On
the other hand, the average velocity of the diffusive current

) of oxygen in the alveolar sacs is of ordd),/27d
(dox) o~ 12(dairt dox) @nd ¢y are the oxygen relative con- 1 3 mm/s. These results are consistent with the initial as-

centration at the entrance of the trachea, and in the EXtem%hmptions of the model. However, as in this idealized model
air, respectivelyQ is the tidal airflow andS is the rate of  the velocities of the oxygen for convective and diffusive cur-
gxygen consumption. Withhs;=0.2095,Q~6 d/min and  rent simply approach each other, in the real respiratory tree
S$~0.3 dn¥/min>*! we obtaingg,~0.1095. we can expect that in some branches they are of the same
ForL, we take the sum of the larynx and trachea lengthsy ger, what indicates the possibility of developing alveoli

(first duc, which is typically 15 cm, while the trachea di- pefore the end of the bronchial tree as really happens in the
ameter,Dy, is approximately 1.5 cn** Air and oxygen human respiratory tree.

properties were taken at 36 °C, namely 1.7x 10"° m?s, If the numberN,,=23 is common to mankind, then a

Dox=2.2X10"° m?/s, (Rg)ox=259.8 Jkg.K). The plot of  constructal law emerges from E@L9): “the ratio of the

the total resistance of the respiratory tree against the bifursqare of the trachea diameter to its length is constant and a
cation level is shown in Fig. 4. It can be seen that the mini'length characteristic of mankintl

mum is flat and occurs close = 23.

Resistance (Js/kg”)

A more accurate value of this minimum is obtained ana- D2
lytically from Eq. (18). The optimum number of bifurcation A= L—0=const= 1.5x10 3 m. (20
levels is given by 0

This number has a special relationship with some special
features of the space allocated to the respiratory process, as
we show next. From Eq<3) and (4) we can estimate the

(19 volume occupied by the bronchial tree, which is the sum of
the volumes of the 23 bifurcation levels, agz=23
which yieldsN,p=23.4. AsN must be an integer, this means x (7/4)D2L,. The total volume of the alveolar sacs V&
that the optimum number should be 23. In view of the sim-= 523 (w/6)d®. We see thaVz/V<1, which means that the
plifications of the mode{mainly the geometry of the bron- yolume of the lungs practically corresponds to the volume,
chial tubes which are assumed to be cylindrical and the gey, occupied by the alveolar sacs. The internal area of the
ometry of the alveolar sacs which are viewed as spheres, thigyeolar sacs i®\=223x d2, and thereforeA/V=6/d. By
result is in a very good agreement with the literature, Whichusing Egs.(14), (15), which lead toL=2N*1"3g  together
indicates 23 as the number of bifurcations of the humanyith Eq. (18), we obtain the following relationship:
bronchial treg:'°

2.35><10—4Da‘(Rg>0xT((¢ox>o 1”

Noy=2.164 1
ot r{ LSVDOX Dox

The respiratory tree can also be optimized for carbon di- p2 AL D odh 112

. . 0 ox%¥ox
oxide removal from the alveolar sacs. In this case the corre- L_:8'637 (R)oT(bado— bl (21
spondent equation N, is Eq, (18) with the rhs multiplied 0 g/ox o0 Yo

by —1 and the correspondent values of the diffusion coeffi-

cient, which isD 4=1.9x 10> m?/s for carbon dioxide, the The nondimensional numbér_/V determines the character-
gas constantRg) =189 J kg 'K~1, and the value of the istic Iength)\zDS/Lo, which determines the number of bi-
average relative concentration of carbon dioxide in the resfurcations of the respiratory tree by E49). This constructal
piratory tree,¢.q=0.04. In the calculation ofth.4 we used law is formulated as follows: The alveolar area required
S=0.24 dn¥/min since the respiratory coefficient is close to for gas exchange, the volume allocated to the respiratory
0.8 and (g 2~ 0.315x 10 3. The plot of the resistance to systemV, and the length of the respiratory tree, which
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are constraints posed to the respiratory process determinghe space allocated to the respiratory system, namely the to-
univocally the structure of the lungs, namely the bifurcationtal alveolar aread, the total volumeV, and the total length
level of the bronchial treé of the airways.L.

From Eq.(14), we obtainL=4.85L,=0.73 m for the to- In general, we conclude, from Eq19), that for every
tal length of the respiratory tree and from Eg1) we obtain  species whose respiratory tree is optimized the same rule
d=6 V/IA=2.8x10 3 m. Therefore we have the alveolar must hold, and exhibit the respective characteristic length,
surface area a8=2%°7d?=215.5 nt and the total alveolar The application of the Constructal Principle to the genera-
volume V=22 (7/6)d3=102.7 dm. The alveolar surface tion of the optimal configuration of the respiratory tree was
areaA is not far from the values found in literature that fall based on the view that Nature has optimized the living flow
in the range 100—150m However, the value found for the structures, in time. The work described in this paper supports
total alveolar volume is much higher than the average lungdhis view. In this way the Constructal Principle promises to
capacity (7.5 dnt). This may arise from the lung’s volume serve as a basis for optimizing and anticipating other living
being calculated as the alveolar sacs were fully inflated. Nevilow structures.
ertheless, the value found for total alveolar volume suggests
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