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Abstract

We compute the characteristic torsion T° of the Ga-twistor space of an oriented
Riemannian 4-manifold with constant sectional curvature ¢ and deduce the condition
under which T is V¢-parallel; this allows for the classification of the GG characteristic
holonomy according to [21].

Key Words: metric connections, characteristic torsion, Einstein manifold, G5 struc-
ture.

MSC 2010: Primary: 53C10, 53C20, 53C25; Secondary: 53C28

The author acknowledges the support of Fundacao Ciéncia e Tecnologia, Portugal,
through Centro de Investigagdo em Matematica e Aplicagoes da Universidade de Evora
(CIMA-UE) and the sabbatical grant SFRH/BSAS/895/2009.

1 Introduction

1.1 The purpose

It has now become clear that every oriented Riemannian 4-manifold M gives rise to a G-
twistor space, as well as its celebrated twistor space. The former was first discovered in
6, 7] and we shall start here by recalling how it is obtained. Often we abbreviate the name

*Departamento de Matematica da Universidade de Evora and Centro de Investigacao em Matematica
e Aplicagoes (CIMA—UE), Rua Romdo Ramalho, 59, 671-7000 Evora, Portugal.



R. Albuquerque 2

Go-twistor for gwistor. Briefly, given M as before, the Gao-twistor space of M consists of a
natural Gy structure on the S®-bundle over M of unit tangent vectors

SM={ueTM: |ju|=1} (1)

exclusively induced by the metric g = (, ) and orientation.

Then we shall find the so called characteristic connection V¢ of SM in the case where M
has constant sectional curvature; this guarantees the gwistor structure is cocalibrated, as
all Einstein base M do, and hence the existence of that particular connection. We deduce
the condition under which the characteristic torsion, i.e. the torsion of the characteristic
connection, is parallel for V¢. Then we are able to investigate its classification, according
to [21]. We have in view the solution of a difficult problem, a fundamental question about
gwistor spaces: given a cocalibrated GGy 7-manifold, when can we say it is the Ga-twistor
space of a 4-dimensional Riemannian manifold. Our preliminary investigation here will let
us see farther.

The author takes the opportunity to thank the hospitality of the mathematics depart-
ment of Philipps Universitat Marburg, where part of the research work took place. In
particular he thanks Ilka Agricola and Thomas Friedrich (Humboldt Universitét) for rais-
ing the questions which are partly answered here and for pointing many new directions of
research.

1.2 Elements of G,-twistor space

Let M be an oriented smooth Riemannian 4-manifold and SM its unit tangent sphere bun-
dle. The Go-twistor structure is constructed with the following briefly recalled techniques
(cf. [3, 4, 6, 7]).

Let 7 : TM — M denote the projection onto M, let V¥ be the Levi-Civita connection
of M and let U be the canonical vertical unit vector field over 7'M pointing outwards of
SM. More precisely, we define U such that U, = u, Yu € T'M. The Levi-Civita connection
of M induces a splitting TTM ~ 7*T'M & 7*T'M. The pull-back bundle on the left hand
side is the horizontal subspace ker 7*V¥"“U isomorphic to #*T'M through dz. The other
one, on the right, is the vertical subspace ker dr, clearly identifiable with 7#*T'M. We are
referring to the classical decomposition of TT' M, well established and used by in-numerous
authors.

Restricting m to SM we have

TSM=HoV (2)

where H denotes the restriction of the horizontal sub-bundle to SM and where V' is such
that V, = ut C 7#*TM, thus contained on the vertical side. Every vector field over SM
may be written as

X=X"+X"=X"4+7mVEOU (3)
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The tangent sphere bundle inherits a Riemannian metric, the induced metric from the
metric on T'M (attributed to Sasaki): 7*g®7*g. We simply invoke this metric with the same
letter g or by the brackets (, ). Then we may say that SM is the locus set of the equation
(U,U) = 1 and indeed (2) and (3) are confirmed: notice d(U,U)(X) = 2(zx*VE¥CU, U).
There is also a natural map

0:TTM — TTM (4)

which is a 7*V"“-parallel endomorphism of TTM identifying H isometrically with the
vertical bundle 7*T'M = ker dm and defined as 0 on the vertical side. It was introduced in
3, 6, 7]. Then we define the horizontal vector field 6'U.

T SM inherits a metric connection, via the pull-back connection and still preserving
the splitting, which we denote by V*. On tangent vertical directions, due to the geometry
of the 3-sphere with the round metric, we must add a term to the pull-back connection.
That is, for any X,Y € I'(T'SM):

;Xv — ﬂ_*v%}—CXv o <7T*VI1_/FCX1), U>U — ﬂ_*v%}—CXv + <X’U’Y7J>U' (5)

We then let RV(X,Y) = n*R(X,Y)U = R™V"°(X,Y)U, which is a V-valued tensor.
Notice RY(X,Y) = RY(X" Y"). Finally, the Levi-Civita connection V9 of SM is given
by

VIY = VY — %RU(X, Y) + A(X,Y) (6)

where A is the H-valued tensor defined by

1
2

for any vector fields X,Y, Z over SM.
There are many global differential forms on SM. The easiest way to see them is by

(A(XY),2Z) = S((RY(X, 2),Y) + (RY(Y, Z), X)) (7)

taking an orthonormal basis on a trivialized neighbourhood in the following way. First

we take a direct orthonormal basis eg,...,e3 of H, arising from another one fixed on the
trivializing open subset of M, such that eg = u € SM on each point u, i.e. eg = 0'U. Then
we define

€4 = 961, €y = 062, € = 063. (8)
This completes the desired set; we say eg,...,eq is a standard or adapted frame. Notice

fey = U, as if u has the gift of ubiquity. The dual co-frame is used to write
=€ vol = 0123 B=e 4P 4o a = %56

y = e 4 (264 4 (345 iy = e 4 234 | (315 R

These are all global well defined forms.
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Proposition 1.1 (basic structure equations, cf. [3]). We have the following relations:

xa = vol, xQp = — N\ Qg xQp = 4 N\ Qg
1

8 =—suNB B ==2uNB, B Ap=—6Volsu, (10)

1
al/\a2:3*u:—§ﬂ3, BNa; =0 AN*xa; =ag NAa; =0,
Vi =0,1,2, where we write a = ay.

Also useful are the formulas

0123 _

vol = pag = voly = e *Q, B2 = 2(eM2 4 130 4 2536), (11)

ab-jk _ _a,b

Remark. We often omit the wedge product symbol, and denote e eb. . elek.

Also elethk — eak 1 bk for any indices a, b, . . ..

(&

1.3 The gwistor space

We have given the name Gs-twistor or gwistor space to the G5 structure on SM defined
by the stable 3-form

=0+l — o (12)

(it is induced by the Cayley-Dickson process using the vector field U and the volume forms
vol, ). Let * denote the Hodge star product. Then

*¢p = vol — %52 — pay. (13)
We know from [3, Proposition 2.4] that
d¢ = RYa + rvol — 8% — 2uay and d * ¢ = —pvol (14)
where we have set

RUq — Z Rijo1€7% + Rijone'™ + Ryj05¢7%, (15)
0<i<j<3
with Riju = (R(ei, e;)ex, e1), Vi, j, k,l € {0,1,2,3}.
Also, r = (U, U) is a function, with 7 the Ricci tensor, and p is the 1-form (RicU)’ €
Q%(V*), vanishing on H and restricted to vertical tangent directions. One may view p as

the vertical lift of r( ,U). We continue considering the adapted frame e, ..., e on SM;
then
3 3
P = Z Rki()k@H_g and r= ZRjQQj. (16)
ik=1 j=1

We also remark

da = RYa, dp = -6, dag = 2ua; — rvol. (17)
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We know the gwistor space is never a geometric GG manifold. Indeed, it is known, in
general, that a given Ga-structure ¢ is parallel for the Levi-Civita connection if and only if
¢ is a harmonic 3-form (A. Gray). But d¢ never vanishes on SM. However, we have that
(SM, ¢) is cocalibrated, i.e. d¢ = 0, if and only if M is an Einstein manifold, cf. [3, 6, 7].

The curvature of the unit tangent sphere bundle has been studied, but indeed the
holonomy Lie algebra proves quite difficult to find (cf. [1, 11] and the references therein).
From our present point of view of gwistor spaces, hence just on the 4-dimensional base
space, it is important to understand the holonomy of the characteristic connection.

1.4 The characteristic connection

Following the theory of metric connections on a Riemannian 7-manifold (N, ¢) with G
structure, which one finds in [2, 24, 25|, the characteristic connection consists of a metric
connection with skew-symmetric torsion for which ¢ is parallel. If it exists, then it is unique.

Formally we may write
1
(VExY.2) = (VxY, Z) + ST°(X.Y. 2) (18)

where g denotes the metric and V9 the Levi-Civita connection. If ¢ is cocalibrated, then
such T exists; it is given by

T = 4~ <(d6, 50)0 (19)

cf. [24, Theorems 4.7 and 4.8]'.

We recall there are three particular Go-modules decomposing the space A? of 3-forms
(cf. also [10, 16, 18]). They are A%, A3 A3, with the lower indices standing for the
respective dimensions. In the same reasoning, A*> = A2 @ A?,. Thus, by Hodge duality, d¢
has three invariant structure components and d¢ has two. In gwistor space we have proved
the latter vanish altogether, or not, with p, given in (16). The analysis of the tensor d¢ is
struck with the never-vanishing component in A3,. It is of pure type A3; if and only if M
is an Einstein manifold with Einstein constant —6 (see [3, Theorem 3.3]).

Apart from a Ricci tensor dependent component, the curvature tensor of M contained
in dp = RYa + - -+ remains much hidden in the A3, subspace.

We have deduced a formula for the levi-Civita connection V9 of SM, shown in (6).
The characteristic connection V¢ is to be deduced here in the cocalibrated case given by
a constant sectional curvature metric on M. In our opinion, this analysis corroborates the
correct choice of techniques in dealing with the equations of gwistor space.

'Notice we use a different orientation-sign convention for the standard stable 3-form and so one must
see —¢ playing the main role in that paper, a central reference in this paper. This difference induces, in
particular, the opposite sign in 7 and quite different Ga-representation subspaces A2 and A?,. The reader
may easily take from their definitions and from [3].
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2 Gwistor space of a space form

Let us start by assuming M, g is an Einstein manifold with Einstein constant A. Such

condition is given by any of the following, where \ is a priori a scalar function on M:
r=XA ¢ RicU=XNU & r=A\ (20)
In our setting it is also equivalent to d * ¢ = 0. Then A is a constant.

Proposition 2.1. The characteristic connection V¢ = V9 + %TC of SM s given by

20 —06 A A
- = —Qg. 21
3 o 3M5+3062 (21)

T¢ = x(RYa) +
Moreover, 6T¢ = 0.

Proof. We have by (15)

(RVa, *¢)Volgyy = (RVa)¢
(RYa) (1 — az)

_ Z Rijol ¢i756(014-234) | Rijoz £1764(025-315) | Rijos ¢745(036-126)

0<i<j<3
= (Ra301 — Rizo2 + Ri203 — Roio1 — Ro202 — Rosos) Volsus
= (—Ra310 — R3120 — Ri230 + 7 (€0, €9)) Volsar = AVolgay.

Also rvolg = AVolgy;, —f%¢p = —pB® = 6Volgy, —2uai¢ = 2uaiay = 6Volgys, hence
(do,*¢) = 2X 4+ 12. The reader finds helpful computations in Proposition 1.1. Since
xdp = *RYa + A + 218 — 2a, we get from (19)

T° = xd¢— é(2>\ +12)6

A
= R + Aa +2upB — 20y — (§ +2)(a + pf — )

and the first part of the result follows. From the first line we immediately see d*7°=0. H

Until the rest of this section we assume M has constant sectional curvature k, so that
Riji = k(0101 — 0ix65;) with k € R a constant. Then

RVa = Y Rijme? + Rijoe® + Rijose*
0<i<j<3
— _.e0156 _ 7.,0264 _ 7.,0345 (22)
= —kpoy
In particular,
de¢ = 3kvol — 8% — (k + 2)pay. (23)

Henceforth A = r = 3k and *RYa = —kas, and the following result is immediate.
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Proposition 2.2. The characteristic torsion of the characteristic connection is given by
T° = (2k — 2)a — kup. (24)
Taking formulas (6) and (7), the next Propositions are the result of simple computations.

Proposition 2.3. For any X, Y € TSM:

1. RY(X,Y) = k({0Y, U)X — (0X,U)0Y); or simply RV = kO A u
2. A(X,Y) =E5((6X,Y)0'U + (Y, X)0'U — u(X)0'Y — n(Y)9'X).

We also omit the proof of the next formulas. These are the application of the general
case treated in [3, Proposition 2.2] to our situation with RY and A given just previously.

Proposition 2.4. For any X € T'SM we have:

VIx0U = 25500 X — E(0X — p(X)U)

Vixvol = Ax - vol = E(u(X)u Ao — (0X)" Aag — (X 06) Aay)
Vixa=5(uA (6X)so — p(X)oy)

Vixp=3EX" 00 — 5(0X)

VixB =t ((Xv)b _ (Xh>b)

Vixar = ku(X)(3a —az) + p A (B2 X 0o+ 5(0X) o)

Vixay = ku(X)(al — %043) + u N (%X”Jal + %XJCYg)

Vixaz = EE(0'X) vol + (0'U) sAx - vol = EE(01 X)) Jvol + & u(X)as.

Sl S N A R SR

We may now deduce:

Vgxcb = ngOf‘f‘ng/l/\ﬂ—f—M/\vgxﬁ—ngag

k 3k 2—k k
= S AOX) 0 = - p(X)a + (TXb of — 5(ex)b) A B (25)
3k k k—2
—F;M(X)Oég, — 5/11 VAN X_IOég — T,u VAN Xv_lOél.

The theory tells us that V¢ = 0 with V¢ = V9 + 1T and T*, as deduced, given by (24).
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Let us confirm our computations. First,
1

Lree o
1
= _5 @¢(TC(X> )7 ) )
1 6
= D) @Z¢(TC(X7 >€j)€j7 ;)
3=0
18
_ _§ZTC(X, cei) Aoles, )
3=0
18
= 5 Z((2 - Qk)& + k,uﬁ)<X7 7€j) A ¢(€j7 ) )
§=0
1 1
= ékﬁ(X, YA B+ ék(u AeD (X, YA (e + e* + %) +
1 1
SR A ) (X, ) A (e? 4 e* + ) + Sl ) (X, ) A (" +e*? +e) +
1
S(2 = 200X, ) + R (X, ) A+ — ¢¥) 4
1
(2= 2k)e (X, )+ ke (X, ) A (¢ + € =€) +
1
5((2 —2k)e® (X, ) + ke®(X, ) A (e 4% —e'?).
Now if we take X = ey, then VIx¢ = —%al + %043 and
1 1
ST b = Ze(eA(53426) | 5(61434) | 6(42+15)
5T o) 2l<:(e +e +e +
k 3
+61(€56_23) + 62(664_31) + 63(645_12)) — kal + §a1 - Eka?n

just as we wished. If we take X = e, then

k k k k
N §M/\€56 TR — A e = (023056 | 425 | 436

2 2 2
and
L L a@stse) L, o6—23) _ K/ 023056 | a25 | 436
§TX-¢:§/€€ —§ke :§(e + e 4 ™)
as predicted. Finally we also experiment with a vertical vector, say X = es:
Vb = 2"“62/\5_ k;2u/\661+34 _ Q;k(eoﬁl P 26y 03
and
ET)C( b = _1k62(14+36) _ 1k60(34+61) 4 2—2k (6(01-23) _ 2— 2kk64(03712)
2
2—k — — —
_ 6236_2 k'6214_2 k/’6034_2 keom
2 2 2 2

confirming V¢, ¢ = 0.
We are now in position to compute VT°.



R. Albuquerque 9

Theorem 2.1. Let M be an oriented Riemannian 4-manifold of constant sectional cur-
vature k. The characteristic connection of the associated gwistor space SM has parallel
torsion TC if and only if k =0 or k = 1.

Proof. For any direction X € T'SM and using the cyclic sum in three vectors,
VexT¢ = VIxT— BT T)C( )
= VIxT°— ®- ZTC e (e, )
= VngC — 5 ZTC(X, 7€j) A Tc(e]-, s )
j
and since T° = (2k — 2)a — kufs

1
VT = V9 T¢ — §k2ﬁ(X, YA B — k2 (X, yne

1
—§k2605(X, )/\605 _ 5/62606()(, )/\606
1

(k= 20X, ) — ke (X, ) A (2K~ 2% — ke
52k — 20X, ) — ke(X, ) A ((2k — 2 — ke®)
1

—5((% —2)e®(X, ) — ke®(X, ) A ((2k — 2)e*® — ke™)
1 ,
= VIxT° — ik%(){, YA B+ k(k—1)(e(X, )Ae™ + e (X, ) Ae™)
+k(k —1)(*(X, ) A e” 4+ (X, ) Ae®)
+k(k—1)(e®(X, )Ae® 4+ eB(X, ) Ae®).
Now we have from Proposition 2.4

o 2
VIxT = (2k — 2)(§u A (0X)aa — g,u(X)ozl) + (—/fgxb 6+ — h (HX) ") A B.

Hence we find
VCEOTC = —]{5<l{5 - ].)041 + k’(k - ].)Oél = 0,

2
VcelTC — (k’ _ 1)]{56056 + ]; 4(25+36) _ k2 64(25+36) _ k’(k’ _ 1)6056 =0,

2
VC@QTC _ (k _ 1)]{36064 + k2 5(144-36) _ %65(14+36) _ k‘(k’ o 1)6064 =0

and the same happens analogously with e;. With the vertical directions we have

Vc€4Tc _ —k?2 ; k (25+36) + ]; 1(25+436) + k( /{3)6602 + k‘(k‘ . 1)6503

= (k- 1)(61(25+36) 103 _ 6602)’
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2
VCB5TC _ _k2 g k€2(14+36) + %62(14+36) + k(k . 1)6601 o k(k o 1)6403

= Rk — 1)(24H39) 4 (601 _ (403),

VeI = _k¥63(14+25)+%263(14+25)+k(k_1)<6402—e501)

= k(k - 1)(63(14+25) 4otz _ 6501)’
thus £ = 0 or kK = 1 are the unique conditions under which V¢T¢ = 0. [

Remark. Following (3], for & = 0 we have d¢ = 22 % ¢ — *3(12a — 2uf + 20). And
for K = 1, we have d¢ = 1—78 * O+ *%(304 — 4uf — 3a). These are the Go-irreducible
decompositions. They both do not have A2 component. Since d¢ = 0, there are no A2, A2,
components either.

3 The two cases

3.1 The Stiefel manifold V),

Theorem 2.1 leads to the consideration of two cases: k = 0 and & = 1. We start here with
the second.

Since our results so far are local, we assume M is simply-connected and complete. As
it is well known, SM with M = S}, the radius 1 sphere, agrees with the Stiefel manifold
SO(5)/SO(3) = Vs2. We also recall that transitivity of the induced action by isometries
on the tangent sphere bundle of a symmetric space is exclusive to all rank 1 symmetric
spaces, cf. [10, Proposition 10.80]. In particular, in dimension 4, we are left with S*, P?(C),
the real hyperbolic space H* and the hyperbolic Hermitian space CH?,

So we make a brief study of the space Vo, the unit tangent sphere bundle of S*~! with
[ > 2. In the following, notice the name Stiefel manifold refers just to V;o (with the index
2 fixed).

The Stiefel manifolds are simply-connected for [ > 5. The following results are due to
Stiefel and to Borel, cf. [12, Proposition 10.1]:

H*(Vi9,Z) = H*(S"t x S'=2z)  if [ is even
H(Vi9,Z) = H*3(V5,Z) = Z, H'"™'(Vi2,Z) = Zy if 1 is odd (26)
H*(‘/LQ, ZQ) = H*(Sl_l X Sl_Q,Zg) = /\{37171, 513'1,2}.

A stands for the free multiplicative exterior algebra generated on the given z; of degree j.
We also have the additive isomorphism H*(Vj,Zy) = H*(S""1,Zy) ® H*(S'"%,Zy). Now,
we know from [5] that w(SS'™!) = > 7*w? where S'™! is the base manifold of the unit
tangent sphere bundle and 7 is the projection. It is well known that w(S*) = 1 for all k.
Hence the following result for which we do not know a reference.
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Proposition 3.1. The total Stiefel-Whitney class of Vio is 1. In particular, this space is

orientable and admits a spin structure.

It is also known that V; is a rational homology sphere for [ odd, cf. [13].

Now, regarding the Riemannian structure from a slightly general picture, let us see how
we are driven to Vo = SS'"! with the metric induced from the Sasaki metric of the tangent
bundle, cf. section 1.2.

First we recall from [2, 13, 15, 24] what is the natural geometric notion concerned with
a Riemannian reduction from the Lie group SO(2n + 1) to the structure group U(n). A
metric almost contact manifold consists of a Riemannian manifold (S, §) together with a
1-form 7, a vector field £ and an endomorphism ¢ € I'(End T'S) satisfying the relations:
VXY €TS

nE) =1, =-1+nx¢,
X, 9Y) = g(X,Y) =n(X)n(Y),  »(§) =0.

If furthermore dn = 2F, where F(X,Y) = g(X,¢Y), then we have a metric contact
structure. If the CR-structure defined by the distribution D = ker 7 is integrable, then we

(27)

have a so called normal contact structure. The integrability condition is the vanishing of a
certain Nijenhuis tensor of the almost complex structure J = pp. If § is a Killing vector
field, i.e. L¢g = 0, then we say we have a K-contact structure. Since on a contact structure
we have L F' = 0, the K-contact equation is assured equivalently by L¢p = 0. A normal
K-contact structure is known as a Sasakian structure; then § is called a Sasakian manifold.
The K-contact condition is equivalent to VIix¢ = —p(X), VX € TS. A K-contact
structure is normal (and thence the manifold is Sasakian) if furthermore (cf. [22])

(Vixp)(Y) = 9(X, V)€ = n(Y)X. (28)

Now let M be a Riemannian manifold of dimension m = n + 1. Y. Tashiro has shown
the unit tangent sphere bundle SM (of dimension 2n + 1) has a metric contact structure.
It is given, in present notation, by g = ig, n= %u, £ =20'U and ¢ = 0 — Up — 6. Notice
g is the Sasaki metric and 6 is the map in (4). We have, by (17) easily generalized to any
dimension,

F(X,Y) = 19(X, ) = {((X,0V) — (6X,Y)) = —5(X, V),

1 _
18 =

9.3]: the contact metric structure on SM is a K-contact structure if and only if (M, g)

so dn = d%p = — 2F as expected. Tashiro also proved the following [11, Theorem

has constant sectional curvature 1. And then deduces SM is Sasakian. The proof goes as
follows: notice V¥ = V7 is given in (6). Then we find

1
(VIxE, YY) = —§<RUX,§7YU> = —(RxnapU,Y").
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So, just looking at the vertical part of the equation V9x& = —p(X), on the base manifold
it reads (R(X,u)u,Y) = (X)Y), VX,Y € TM Nu*t. Clearly, this means constant sectional
curvature 1. The horizontal part of the equation gives the same result. The reciprocal is
also easy, and the Sasakian condition follows. Moreover, in this case the Sasakian equation
(28) alone implies the round curvature 1.

A contact manifold (S, g,7, &, ¢) is said to be n-Einstein if its Ricci tensor can be written
as Ric;(X,Y) = Ag + vn ®n with A, v constants (cf. [15, 26]).

We compute either from [1] or [4] that the unit tangent sphere bundle (SM, g,n,&, ¢)

verifies equalities

Ric ;(X,Y) = Ric,(X,Y) =
2 2 (29)

JXRY™) 4 (m = 24 ) (X" Y7) + S(2 = m)u(On(Y)

2
c
=((m—-1)c— —=
((m—1)e =5
if M has constant sectional curvature c.

Proposition 3.2 ([17]). Assuming constant sectional curvature, the contact manifold SM
is n-Einstein if and only if c=1 or ¢ =m — 2.

This result was also deduced by [17]. In the Sasakian case ¢ = 1 notice the formula
A+ v = 2n, as theoretically expected ([15, Lemma 7]).

In [24, 26] we have the notion of contact connection on a contact manifold, i.e. a linear
connection on S such that

Vij=0, Vnp=0 V=0 (30)

24, Theorem 8.4, case 1] guarantees that any Sasakian manifold admits a contact connec-

tion with totally skew-symmetric torsion given by
T =nAdn. (31)

Moreover, T is parallel for such connection V = V9 + %T, which is unique — so it is called
the characteristic connection of the normal contact structure. In general, cf. [24, Theorem
8.2], this contact connection with skew-symmetric torsion exists if and only if the Nijenhuis
tensor is skew-symmetric and £ is a Killing vector field.

In sum, Tashiro’s results on SM led us to the case of integrable geometries, the homo-
geneous Sasakian space Vo, where | = m + 1 = n + 2, with metric %g and Ricci curvature
tensor Ric, = (m — %) g+ Q’Tm 1 ® . This space admits a characteristic contact connection
(T is the same viewed as a (2, 1)-tensor)

V=V b (32)

And there is no simply-connected Riemannian manifold besides S* whose unit tangent
sphere bundle admits a characteristic contact connection. For the existence assures the
manifold is K-contact.
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To complete the picture for V;,, the characteristic foliation F; determined by &, hence
with 1 dimensional leaves, gives a projection onto the Grassmannian of oriented 2-planes
in R' (a complex quadric):

v, — 500 SO(1)

2T 50(-2) S0(-2)x50(2) Griz- (33)

Starting from a Kihler-Einstein manifold (X?*,g,J) of scalar curvature 4n(n + 1), it
is shown in [9, pag. 83] how to construct Einstein-Sasakian metrics on an associated S'-
bundle 7 : § — X?": the bundle whose first Chern class is ¢; = %¢;(X?") where A is the
maximal integer such that %cl (X?") is an integral cohomology class. Moreover, S is simply
connected and admits a spin structure (cf. Proposition 3.1). The 1-form 7 is induced by
the associated U(1)-connection, so that dn is essentially the Kéhler form of X?".

The example of the Stiefel manifold is already mentioned in [9], as noticed by [13].

3.2 The characteristic holonomy of V;

We may now continue our study of the gwistor space of the 4-sphere with the canonical
Sasaki metric.

Proposition 3.3. The characteristic connection V° of the Ga-twistor space (Vs 2, g, ¢) is
given by the torsion T® = —uB and its holonomy is contained in SU(3). Thus coincides

with the contact metric connection. The torsion is parallel.

Proof. By the results given in (31) we find a contact connection with skew-symmetric
torsion 7' = —uf (contracting now with the metric g). Additionally we have that 7" is V-
parallel. We remark that pVg = 0. Computing Va = (V9 + %T)oz, applying Proposition
2.4 and the usual technique, we find « is parallel. Since V¢ = 0 and

1 1
g = §a0(¢9/\9/\1) = éao(go/\gp/\l),
(cf. [3] for this notation and remarks on differentiation) we get
VOzQ =0.

Hence Vo = V(a + pf — az) = 0 and therefore the (unique) SU(3) C G5 connection V
with totally skew-symmetric torsion is the characteristic connection of the gwistor structure,

V =V |

Of course T° = —uf agrees with the result found in (24) for sectional curvature 1.

Now, the formulas from [24] for the curvature of the characteristic connection are quite
long to exhibit in our case. They are combined with the Riemannian curvature. So it is
important to recall the references on the latter. There is a long literature on results about
the sectional, Ricci and scalar curvatures of the Sasaki or other g-natural metrics on the
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tangent sphere bundle of any given Riemannian manifold. The techniques are those from
e.g. [1] and several other references therein, where Einstein metrics are found (interesting
enough, for V5 we also have SO(l)-invariant Einstein metrics given in [8], which use the
method below and recur to results of Wang).

We follow homogeneous space theory to solve the problem of finding the holonomy of
the characteristic connection.

Let n, m be integers such that [ = m+1 = n+2 (as in section 3.1), let K = SO(l), H =
SO(n), g =s0(l),h = so(n). Now we consider the trivial embedding H C K. So we may
decompose g = h & m with m the subspace of matrices having 0 where b falls. Since
[h,m] C m and H is connected, we have a reductive homogeneous space Vo = K/H. Then
the tangent vector bundle of K/H arises from the canonical principal H-bundle, associated
to m. Let D;; be the matrix with 0 everywhere except in position (4, j) where it has a 1.
We have a canonical basis of g given by

Eij = Dij — Dji, 1<i<j<lL

The vectors eg = E,,; and e; = E;, €4n = E; ., 1 <17 <n constitute a basis of m, which
we may take to be an orthonormal basis of a K-invariant Riemannian metric, cf. [19, 27].
Compare also with formula (8), i.e. the adapted frame of Gy-twistor space.

We recall the canonical connection V of K/H is given by V., e, = 0, Va,b such that
0 < a,b < 2n+ 1. Its torsion satisfies TV(X,Y) = —[X, Y]y, where the index denotes the
component in m, cf. [20].

The new metric corresponds with the Sasaki metric of SS™ introduced in section 1.2
and generalized to any dimension. Indeed, the embedding SO(n) C SO(m) C SO(I)
induces the respective decomposition of h, to which the Levi-Civita connection of the
sphere corresponds. The horizontal and vertical subspace decomposition is clear.

Theorem 3.1. The characteristic contact connection V¢ = VI — %,uﬂ on Vo coincides
with the invariant canonical connection. Moreover, V¢ is complete and its holonomy group

is SO(n).

Proof. Here we refer just to chapter X of [20, Volume II]. First recall from [20, Proposition
2.7] that every K-invariant tensor is parallel for the (invariant) canonical connection. By
the way they were defined, the tensors g, «, 0, p, i, 3, & are all clearly K-invariant. Also the
torsion TV(X,Y, Z) = —g([X,Y],Z) = g(Y,[X, Z]) is totally skew-symmetric. Hence the
result follows by uniqueness of the characteristic connection. The theory says the canonical
connection V is complete and what its holonomy Lie subalgebra is. [

Interesting enough, one may check the identity on a triple of vectors on m
(uB)(X,Y, Z) = (X, Y], Z). (34)

Finally, the conclusion on the holonomy of the characteristic connection allows us to
look for the classification of the Ga-twistor space Vs o according to the holonomy algebra
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hol(V€) C go corresponding to parallel skew-symmetric torsion, as described in [21]. We
arrive precisely to the case of Theorem 7.1 (with a certain ¢ in that reference equal to 1/7),
which comes form the Lie subalgebra so(3) C su(3) C go.

The characteristic curvature tensor is given by R°(X,Y)Z = —[[X, Y]y, Z] or by

1
R= =S5 881+ 5® 5 + 5 ) (35)

as results from [20] or [21], with the S; being generators of s0(3) C go. Formulas for Ric,
found in (29) match correctly with those given in the new reference.

3.3 The flat case

As proved in Theorem 2.1, the characteristic connection on the Gy-twistor space of a flat
4-dimensional space also has parallel torsion when the sectional curvature ¢ = 0. The
Go-twistor structure verifies

dop = =% — 2ua. (36)
The space was described in [3] with canonical flat coordinates, which are easily comple-

mented globally to coordinates on SM = R* x S3. Recall from (2.1) that the torsion of the
characteristic GGy connection is 7T°¢ = —2«. Thence V¢ = V9 — a.

Proposition 3.4. Let M be an oriented flat Riemannian 4-manifold. Then the character-
istic Go connection V¢ on SM s flat.

Proof. The Levi-Civita connection of TM is the flat connection 7*V*® = d duplicated
for TTM = nm*TM @ 7T M. Then the Levi-Civita connection of SM is just the connec-
tion V* = V9 written in (5). By Gauss formula, RI(X,Y, Z, W) = (X", W")(Y", Z") —

(X, Z°W(Y?, W¥). Using an adapted frame, cf. (8), BRI = —(e?® @ e®® + € @ €% +
¢ @ €%). On the other hand, a formula in [24] says R® = RY + {(T,T) + 107 where
ol =Y e;iT N e;uT. Thence in our case o7 = 0, since T = —2¢%°. As a (2,1)-tensor,
T =-2(e®®es+ e @es+ e @ey), so finally we get R = 0. |

Notice both the connections V9, V¢ on the hypersurface preserve the Riemannian split-
ting. On the vertical side, the connection V¢ is the invariant SO(3)-connection with skew-
symmetric torsion —2a, described e.g. in [2, Remark 2.1].
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