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On Lie Groups with Left Invariant semi-Riemannian Metric

R. P. Albuquerque

1 Introduction and General Results

J. Milnor in the well known [2] gave several results concerning curvatures of
left invariant Riemannian metrics on Lie groups. Some of those results can be
partial or totally generalized to indefinite metrics. We will first show three of
those generalizations that we have obtained. These will serve our purposes later
on.

Let G be a real Lie group of dimension n and g its Lie algebra. Considering a
left invariant semi-Riemannian structure on G, let eq, ..., e, be an orthonormal
basis of left invariant vector fields and a;j;, their structure constants, that is,

n
[€i> €j] = Z Q4K CL,
k=1

or equivalently, denoting e¢; =<e;, ;> (1 <i < n),
ik = € <les, €], ex> .
Lemma 1 With structure constants o, as above, the sectional curvature satis-
fies the formula, for i # 7,
(1
K(eu €j) =€ Z <§Oéjik(04ikj — €€k Qjik + €56€; akji) — €€ O Ok
k=1

1
_Z(ajik: — €k€j Qikj + €x€i Qpgi) (i — €€ ji + €56k gar,) | -
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Proof. The Levi-Civita conexion given by Koszul formula verifies

1
Vei e; = E i(aijk — €k€; ki 1 €LE; akij)ek-
k

Hence, denoting by R the semi-Riemannian curvature tensor
R(e;, e5)e; = =V, Ve, €i+ Ve, Ve, €+ Vie,e)] €y
we get the desired result by inspection on the right side of the identity
cie;K(e;,e;) =<R(e; ej)e;, e;> .

(I
As one can see, the curvatures depend continuously on the structure constants.

Lemma 2 If the transformation ad (e;) is skew-adjoint, then

n
€i€j 2
K(e; ej) = 1 E €k g j;-

k=1

If e; is also orthogonal to [e;, g], then necessarily K(e;,e;) = 0. In the case of
Riemannian metric this condition is also sufficient.

Proof. 1f ad (e;) is skew-adjoint, then

(‘only for indice 1) <lei €j], ex>= — < [ei, ex], ;>
that is, oijr = —€j€x aupj. It follows that
Qi = — Qi = €€ Qg = 0.

These results make possible the simplification of the formula of lemma 1.
([

Recall that the Ricci curvature in a direction x € g and the scalar curvature
are, respectively,

n

r(z) = Z € <R(x,e;)x,e> and S = Z eir(e;) =2 ZK(ei’ e;).
i=1

i=1 i<j

In a direction e;, the Ricci curvature becomes r(e;) = ¢; >, K(ej, €;).
Let us denote by (p,n—p) the signature (—, ..., —,+,...,+) of a metric with
p minus signs.
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Theorem 1 If the Lie algebra g contains linearly independent vector fields x,y, z
so that
[,y = =,
then there ezist left invariant metrics on G, of signature (p,n — p), such that:
(1)) 0<p<nandr(z) <0<r(z) orr(z) <0<r(x);
(1)) 0 <p<nand S <O0;
(111)) 0 <p <n and S > 0.

Proof. We will take the metric induced by a scalar product in g. Fix a basis
bi,...,by, of gsuch that by = x, by =y, by = 2. Let aj, be the structure constants
of g for by, ...,b,. For any real number § > 0, consider an auxiliary basis ey, ..., e,
and the Lie algebras g; whose structure constants for e, ..., e, are those given
by the bracket product of g and the basis e; = 0by, ey = by, €; = 62b; (i > 3).
Computation shows

[61, 62] = [561, 562] = 52b3 = €3,

lei €] = 00, 8°b;] = Y Oy =0 aijier + S aypes +6 ) aijren
k k>3
fori=1,2, 7> 3, and
lei, e;] = 530@-3‘161 + 53%3'262 +6° Z QijkCk
k>3

for 7,5 > 3. Clearly g5 ~ g for 6 > 0 as Lie algebras, since we only made a
change of basis. Now, for any 0 < p < n, define the left invariant metric on g,

with signature (p,n — p), which makes ey,...,e, an orthonormal basis and so
that €] — €3 — €2 O €] — €3 — —€a.
Once § — 0, we get a limit Lie algebra g, defined by [ey, es] = —[eq, e1] = €3
and [e;, ;] = 0 otherwise. Using lemmas 1 and 2, one may check
1
Ko(ezs, 61) = K0(€3>€2) = 621,
3 o
Ko(e1, e2) = —€; Ko(es,ej) =0, for {s,j} ¢ {1,2,3}.
Hence
3 1 1
ro(e1) = e 1 + 1 €2 = —616257

1 1 1
7’0(63) = €3 Z + Z €y = 63625.

With the prescribed metric, ro(e;) and ro(es) clearly have different signs. With
respect to scalar curvature it follows that

1
So = 2(K (e1, €2) + K(e1, 5) + K (2, €3)) = —5 €2,
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From the continuous dependence of the Ricci and scalar curvatures on the struc-
ture constants, we get the desired results for the fixed values of p and for suffi-
ciently small 0. O

2 The Special Class &

We will now study the Lie groups that do not satisfy the hypothesis of the
last theorem. With K. Nomizu, we consider a special class & of solvable Lie
groups. A non-commutative Lie group G belongs to & if its Lie algebra g has the
property that [z,y] is a linear combination of x and y, for any =,y € g.

In [2] it is shown that G € & if and only if there exists an abelian ideal n
of codimension 1 and an element b ¢ n such that [b,u] = u for every u € n.
Furthermore, G € G if and only if every left invariant Riemannian metric on G
has sectional curvatures of constant sign.

In order to prove our next theorem we deduced the following slight generalization
of a lemma from [1]. The proof of this generalization is equal to the original.

Lemma 3 Let G be a Lie group with a left invariant semi-Riemannian metric
and such that its Lie algebra can be decomposed as

g=<b>®n

where b is orthogonal to n and <b,b>= ¢ = £1. n is an abelian ideal and
L =ad(b)jy = Ald+ S, where S is the skew-adjoint part of L and A € R. Then

G has constant sectional curvature K = —e)\?.

The following is a generalization of [3,Theorem 1]. Notice the new demonstration
of Case II.

Theorem 2 Let G be a Lie group of dimension n belonging to the special class
S. Then

(i) Any left invariant semi- Riemannian structure on G, of signature (p,n—p),
has constant sectional curvature K.

In particular, K s negative constant, if p =0, or positive constant, if p = n.

(ii) Given any p € N, 0 < p < n, and any K € R, we can construct a left
invariant metric of signature (p,n — p) with K as constant sectional curvature.
We may still conclude the same in the casesp =0, K <0 andp=n, K > 0.

Proof. Let g =< b > @ n be the Lie algebra of the Lie group G.

[b,u] = u [u,v] =0, Yu,v € n.
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(1) Suppose g has a scalar product.

Case I. <, >nxn is nondegenerate.
There exists an unitary vector b’ & n such that <t/, n>= 0. Writing

b/:)\b+U0, )\GR\{O}, Up €N

we have

', v] = v Yo € n.

Applying lemma 3 to this case in which the operator S = 0, we get the desired
result, with the obvious particullarities for signatures (0,7n) and (n,0).

Case II. <, >nxn is degenerate.
There exists e € n such that <e, ->= 0 all over n. So, since <, > is nondegenerate
on g, <e,b>%# 0. Hence we may just suppose

<e,b>= 1.
Define two maps a and C' by
a(r) =<e, x>, C(z,y) = a(z)y — aly)z, Vr,y € g.

Immediately one recognizes the linearity and bilinearity, respectively, of a and C'.
From ker a = n, the skew-adjointness of C' and

C(b,u) =u=1[b,u] C(u,v) =0=[u,v], Yu,v€En,

we find that C'= [, ]. Now we can compute, for any x,y, z € g,

1
<V y,>= (< [oyl 2> — <[y 2l w> + <[5l y>) =

1
=3 <a(w) <y, z> —a(y) <z, z> —a(y) <z,2> +a(z) <y, x>

—a(r) <z,y> +a(z) <z,y> > = a(z) <z,y> —a(y) <z,z> .

Hence
Vpy =<z,y>e—a(y)r

and then
R(z,y)z ==V Vy 2+ V) V24 Vg 2 =

=— <y, 2> Vpe+a(2)Vyy —a(2)Vy o+ <z,2> Vy e+ a(x)Vy 2 — a(y)V, z =
= — <y, z><x,e> e+ a(z) <v,y>e—a(2)a(y)r — a(z) <y,z> e+ a(z)a(x)y
+ <z, z><y,e> e+ a(r) <y,z> e —a(r)a(z)y — aly) <z,z> e+ a(y)a(z)zr =0
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(1) If one wants sectional curvature K > 0 choose the following metric. Take
¥ = VKb and define a scalar product < , > on g satisfying

<V, V>= —1, <t ,n>=0

<, >mnxn of signature (p—1,n—p) (1<p<n).

For what we have seen above, with the left invariant metric induced by this scalar
product, G has constant sectional curvature K.
For K < 0, we do the same with ¥ = /—Kb and choosing a scalar product
on g satisfying
<, V>=1, <V, n>= 0,

<, >mxn of signature (p,n—1—-p) (0<p<n-—1).

Finaly, if one wants K = 0, it is sufficient to choose a left invariant metric on
G that is degenerate on n. This must be an indefinite metric. O

By Theorems 1 and 2 we may conclude the following.

Proposition 1 FEvery non-abelian Lie group admits left invariant metrics of sig-
nature (p,n — p) such that p <mn and S <0, or 0 <p and S > 0.

Let us denote by §(p) the class of Lie groups such that every left invariant
metric of signature (p, n — p) has sectional curvature of constant sign. As we said
before §(0) = &. Looking at the proof of Theorem 1 we can establish

& = §(0) = §(1) = §(2) = ... = §(n).

In other words, it is useless to search for other Lie groups for which one has the
same nice results of Theorem 2.

Notice that according to the well known Theorem of R.S. Kulkarni, which
says that, for a connected manifold of dimension > 3 and indefinite metric, if the
sectional curvatures have an upper bound (or a lower) then they are constant,
one becomes aware that looking for Lie groups in §(p) (0 < p < n, n > 3) is the
same as looking for those that have constant K for all such metrics.

3 A Non-Complete semi-Riemannian Structure.

Let M be a simply connected semi-Riemannian manifold of dimension n and
signature (p, n—p), with constant sectional curvature K and geodesically complete
— in the usual concept, M is a simply connected space form. Consulting, for
example, [7], we note that a simply connected space form is diffeomorphic to the
Euclidean space if and only if
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(a) p=n,n—1and K > 0;
() K =0;
(¢) p=0,1and K <0.
Otherwise, M is the product of the Euclidean space with a sphere.

Now suppose M is a simply connected Lie group é, belonging to the special
class &, provided with any metric given by part (ii) of Theorem 2 such that p
and K are out of cases (a), (b) and (c) above. General Lie group theory says
that a simply connected and solvable Lie group is diffeomorphic to the Euclidean
space ([6]). Thus G is diffeomorphic to the Euclidean space. We derive from this
that with the prescribed semi-Riemannian structure, completeness must fail in

G.

4 Example.

Fix n > 2. A simply connected Lie group in the special class & is

G:{{l 0 ]EGL(n,R):vG]R”‘l,s>O}

v sl

As a manifold this is just M = R I xR*. Let €1, ..., e, be the canonical basis of
R" = T{y,o M for all (v, s) € M (with the Lie product (v, s)-(u,t) = (v+su, st) it
is easy to see that the U;, , = se; are left invariant vector fields — in the above
notation, n is the ideal spanned by Uy, ..., U, 1 and b = U,).

We now define a Lorentzian metric! on M giving its components relative to
the basis ey, ..., e,:

gij_ga or 1 <n, gnn__g
(this is just the left invariant metric which makes Uj,..., U, an orthonormal

basis so that <U,, U, >= —1). Now we can find the Christoffel symbols for the
Levi-Civita connection. Calculations lead us to

for all 4,5,7,h < n, 7 # i. Now let us find the geodesics of M. Suppose o =
(1, ..., n—1,7) is such a curve so that (note (t) > 0)

OCZ(O) = Vjo, 7(0) =S > 07 and 062(0) = 52‘07 7/(O> = To-

Inotice the generalization, on both dimension and signature, of the “Poincaré half space” or
“Lobatchevski Plane”.
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The system of ordinary differential equations of a geodesic gives:

vall —29'al =0
,7,7// . 7/2 _ ZZZ 11 a2 0.

Denoting ; = «, from the first equation we get g—, = 27“/ So (log|3])" = (log ),

which gives, 3; = 5“’ ~2. Henceforth, from the second equation we get

W=7 -Qy' =0,
where Q = 554317 €2, We have Q = 0 if and only if all the &, = 0. It is casy
to see that in this case

Oé(t) = (’Ulo, .y Un—-10, Soe(g—zt))

is the desired geodesic, which happens to be the only complete one.
Now suppose @ > () Let us start by consider n, # 0. Making the substitution

7 = 7z, and hence 7" = v2% + 4222 the above differential equation symplifies
to
(4.1) dz Qv<=>=QV+ D il +1

dy Q¥+ D

(+ or — depending on the signal of 7,), where

D=8 - Qs ——2 Zf

Equation (4.1) is easely integrable, giving us different solutions for different val-
ues of D.

Case I. D =0. / . .
v _ —
?—i\/@@ry—q:\/@t—l-so.

Thus s

v(t) = TTs, 700
! _ A _ gio
and

igio T gio
So\/@(l + So\/@t) 30\/@

+ Vio-
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Case II. D > 0. By integration of equation (4.1), we find

VOYV?+ D — VD
log @+ = £t + 1,
v D g

1 \/Qs2+D—/D

where t, = 75 log ¥——— = L log
tion, we get

Ino\ %o

VD Solving for the implicit func-

2/ D eVDtoEt)
V() = Q= 2Py
40D e2VD(to£t)
pilt) = 2 2V D(to£t))2”
SO(Q —€ ° )
280V D 260V D

zt = 109
@ ( ) 32(62 62\/_(to:|:t)) + s (Q 62\/_to) v

Case III. D < 0. Again, equation (4.1) gives

1 v—D
arccos <—) = £t + to,
WQ

where t, = \/—D arccos (so \/—) So

v(t) =

By

Q

vV—D
V@Qcos (vV=D(t, £ 1))’

_fioD
s2Q cos?(v/—D(t, = 1))’

10 -D 10 -D
ault) = £ 2P tg(VDlta £ ) F S22/ T D + i
Finally, if one considers 71, = 0, which is equivalent to s2Q + D = 0, then the

solutions of case III will adapt perfectly.

We can conclude that, on our example of a semi-Riemannian homogeneous
space with constant sectional curvature 1, almost every geodesic is non complete.

~—

Bi(t) =

There remains the question: Which is the condition on a Lie group with left
invariant semi-Riemannian structure so that it is complete?

A theorem due to Marsden (cf.[4]) says that any compact homogeneous semi-
Riemannian space is complete. When trying to see what happens on Lie groups
we were led to the following interesting result which we have never heard about.
Let GG be a Lie group with left invariant metric.

Lemma 4 Right invariant vector fields on G are Killing fields.



10 R. P. Albuquerque

Proof. In every manifold, the Lie derivative of a tensor A, with respect to a
differentiable vector field X, verifies

LA =lim (45(4) - A),

where {9} is the (local) flow of X ([4]). Now let X be a right invariant vector
field on G and let us determine its flow. A maximal integral curve a of X starting
at e,

a(0)=e, a'(t) = Xow,

is precisely the (unique) one-parameter subgroup of GG associated to X (induced
by the Lie homomorphism t% — tX between the Lie algebras R and the one
consisting of right invariant vector fields on G). Let {1} be the flow of X. We
have ¢,(e) = a(t). Given g € G,

dR, o« do
e R e O = R Xe - X 5
( dt )0 Jx e (dt( )) g*e( ) g

hence ¢x(g) = a(t)g, i.e., ¥y = Lqaw). Thus ¢y is an isometry, or, in other words,
Y; <, >=<, >. By the initial equality, Lx <, >= 0 as we wanted.

O

5 Bi-invariant Metrics.

Recall that a Lie algebra g is compact if it is the Lie algebra of a compact Lie
group. We say that g is simple if it has no proper ideals other than 0. Recall also
E. Cartan’s criterion for semisimplicity: g is semisimple if, and only if, its Killing
form is nondegenerate.

Let us now recall some basic facts about the structure of a semisimple Lie
algebra, that can be seen in [6]. Every Lie algebra g admits a Cartan subalgebra,
that is, a nilpotent subalgebra h which coincides with its normalizer in g. All
Cartan subalgebras of g have the same dimension. This natural number is then
called the rank of g. It is also well known that every complex semisimple Lie
algebra g admits a root decomposition relative to one of its Cartan subalgebras
b, that is, g can be decomposed as the direct sum

s=Pas.
aEA

where
g ={y€g:[z,yl=alx)y Vz€bh}
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and A is a subset of h*, complex dual of b, for which a € A iff g, # 0. A\ {0}
is called a root system.

Lie group theory tells us that h = g,, h is maximal abelian (even in the real
case) and that the root subspaces g, (o # 0) have dimension 1.

When g is real and semisimple then the complexification g¢ is semisimple?
and, if b is a Cartan subalgebra of g, then h° is a Cartan subalgebra of g°.

Lemma 5 Let g be a real semisimple Lie algebra and by one of its Cartan subal-
gebras.

There exists a real linear form § # 0 on b such that g # 0 (g defined as
above) if, and only if, there exists y € g\ b and a nonzero root a of g°, relatve to
b°, such that gg, = Cy. In this a case g = Ry.

The proof is immediate, for o = £°.

Now we are able to present the only theorem of this section. Its proof was
mainly taken from [2]lemma 7.6], the particular case when g is compact. First
recall: if a left invariant metric on a Lie group is bi-invariant, then all the adjoint
morphisms ad (x), = € g, are skew-adjoint. In a Lie group G, the Killing form B
of its Lie algebra is Ad (G)-invariant, so, when G is semisimple, the left invariant
metric induced by B is also right invariant.

Theorem 3 Let G be a Lie group with simple Lie algebra g of rank r. If g
satisfies one of the following conditions:

(i) dim(g) or r are odd;

(ii) for some Cartan subalgebra by, in the root decomposition of (g, §°) there
1s a root subspace of type Cy with y € g;

(iii) g is compact;
then any bi-invariant metric on G is induced by a multiple of the Killing form.

Proof. Let < , > denote any bi-invariant metric on G and B the Killing form.
There is a linear bijection S of g such that

<z,y>= B(S(v),y), Vr,y€g.

From this we can deduce that S commutes with all the ad (z), = € g.

Now, if y € g is an eigenvector of S associated to a real eigenvalue A # 0, then
S|z, y] = [z, S(y)] = Az, y], so each eigenspace is an ideal. Since g is simple, this
eigenspace is all g and so <, >= AB on g. Thus we must assure the existence
of one real eigenvalue for S. If dim(g) is odd this is trivial. Let h be a Cartan
subalgebra of g. Since b is abelian and equals its normalizer, then [S(h),h] C b
and hence S(h) = h. Thus odd rank implies, as above, an eigenvalue for S.

Znote: @ simple # g¢ simple
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If g satisfies (ii), then by the lemma there is a real linear form £ # 0 on b
with g = Ry, that is, [z,y] = £(z)y, for all x € h. Then

[z, S(y)] = S[z,y] = {(x)S(y), Yz eh

So S(y) = Ay for some nonzero A € R.
Finally, if g is compact, then —B is an inner product, S is symmetric and
certainly diagonalizable.
([

Theorem 3 may be generalized to Lie groups with reductive Lie algebra ([g, g|
semisimple), since, with bi-invariant metric, the simple components of g and the
center of g are all orthogonal to each other.

There is a large class of Lie algebras satisfying condition (i7) of the theorem:
the simple split Lie algebras. g is said to be split if any of its maximal R-
diagonalizable subalgebras is a Cartan subalgebra. We have an R-diagonalizable
subalgebra a C g when there exists a basis in g with respect to which all operators
ad (x) (x € a) are expressed by diagonal matrices.

The following are examples of simple split Lie algebras ([5]): sl, (n > 2),
S0 k+1 (k? > 1), S0k & (k? > 3), sp, (TL > 2).

In [3,remark 2] we find a Lorentz metric on SL, with constant sectional curva-
ture —1 and that this “metric is essentially the same as the Killing-Cartan form”.
We can now stablish: all bi-invariant metrics on S Ly have constant sectional cur-
vature.

6 Remark on Complex Simple Lie Algebras.

Let g be a complex Lie algebra and p a faithfull representation of g in a
complex vector space. Notice that such representations exist by the well known
theorem of Ado. We call the bilinear and symmetric form on g

B(x,y) = tr(p(z)p(y))-

a trace form.

With respect to § all endomorphisms ad (x) are skew-adjoint and it is proven
like Cartan’s semisimplicity criterion that, if g is semisimple, then (3 is nondegen-
erate ([5]).

Proposition 2 Fvery trace form on a complexr simple Lie algebra is a multiple
of the Killing form.
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The proof is obviously equal to the one of theorem 3. This time there is no
problem with eigenvalues.
In other sense we have the following.

Corollary 1 If ¢ is a simple Lie subalgebra of g << (n,C), then its Killing form
15 a multiple of the trace form

tr(XY), X,Y et
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